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INEQUALITIES FOR EIGENVALUES OF THE WEIGHTED
HODGE LAPLACIAN
DAGUANG CHEN∗ AND YINGYING ZHANG
Abstract. In this paper, we obtain ”universal” inequalities for eigen-
values of the weighted Hodge Laplacian on a compact self-shrinker of Eu-
clidean space. These inequalities generalize the Yang-type and Levitin-
Parnovski inequalities for eigenvalues of the Laplacian and Laplacian.
From the recursion formula of Cheng and Yang [12], the Yang-type in-
equality for eigenvalues of the weighted Hodge Laplacian are optimal in
the sense of the order of eigenvalues.
1. Introduction
Let Mm be an m-dimensional complete Riemannian manifold and Ω be
a bounded domain in Mm. The Dirichlet eigenvalue problem of Laplacian
is given by {
∆u = −λu, in Ω
u = 0, on ∂Ω.
(1.1)
It is well known that the spectrum of this problem is real and discrete:
0 < λ1 < λ2 ≤ λ3 ≤ · · · ր ∞,
where each λi has finite multiplicity which is repeated according to its mul-
tiplicity.
The main developments were obtained by Payne, Po´lya and Weinberger
[32], Hile and Protter [24] and Yang [36]. In 1956, Payne, Po´lya and Wein-
berger [32] proved that
λk+1 − λk ≤ 4
mk
k∑
i=1
λi. (1.2)
In 1980, Hile and Protter [24] improved (1.2) to
k∑
i=1
λi
λk+1 − λi ≥
mk
4
. (1.3)
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In 1991, Yang (see [36] and more recently [11]) obtained a very sharp in-
equality
k∑
i=1
(λk+1 − λi)(λk+1 − (1 + 4
m
)λi) ≤ 0. (1.4)
There has been much work dedicated to extending and strengthening
the classical inequalities of Payne-Po´lya-Weinberger, Hile-Protter and Yang.
When Mm is an m-dimensional compact manifold, there are similar results
about the eigenvalue estimates for the Laplacian (see, e.g. [10, 11,17,28,31,
37]). For the compact Riemannian manifolds isometrically immersed in an
Euclidean space or a sphere, J. M. Lee [27] proved Hile-Protter type bounds
for eigenvalues for Hodge Laplacian on p-forms. In 2002, B. Colbois [15]
derived a Payne-Po´lya-Weinberger type inequality for the rough Laplacian.
In [25], S. Ilias and O. Makhoul obtained inequalities for the eigenvalues of
the Hodge Laplacian.
In 1991, N. Anghel [1] obtained the analogous estimate of (1.2) for the
Dirac operator. In 2009, the Yang-type inequality (1.4) was extended to the
eigenvalues of Dirac operator by the first author in [8].
In [19], Harrell gave an abstract algebraic argument involving operators,
their commutators and traces, which generalize the original PPW argu-
ments. These algebraic ideas were developed in different contexts to produce
many new universal eigenvalues inequalities (see [5, 20–23,30]).
In present paper, making use of a theorem of Ashbaugh and Hermi [5], we
obtain the Yang-type inequality for higher order eigenvalues of the weighted
Hodge Laplacian for submanifolds in Euclidean space.
Theorem 1.1. Let x : (Mm, g) −→ (Rn, can) be a compact self-shrinker,
∆p,x = ∆H +
1
2L∇|x|2 (see below (2.9)) be the weighted Hodge Laplacian
acting on p-forms over Mm. Assume that
{
λ
(p)
i
}∞
i=1
are the eigenvalues of
∆p,x and {ϕi}∞i=1 is a corresponding orthonormal basis of p-eigenforms. We
have, for any p ∈ {0, 1, . . . ,m},
m
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
)2
≤
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
)(
4λ
(p)
i + 2m
−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
+ 4
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol
)
(1.5)
where {ei}mi=1 is a local orthonormal basis of TMm with respect to the in-
duced metric g and Ric = −ωi∧ ı(ej)R(ei, ej) (see also 2.8) is the curvature
operator acting on p-forms.
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Remark 1.1. When p = 0, i.e., λi := λ
(0)
i are the eigenvalues of the oper-
ator L := ∆0,x = ∆+ 〈x, ·〉 acting on scalar functions, we have
m
k∑
i=1
(λk+1 − λi)2 ≤
k∑
i=1
(λk+1 − λi)
(
4λi + 2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
)
≤
k∑
i=1
(λk+1 − λi)
(
4λi + 2m−min
Mn
|x|2
)
,
(1.6)
which is Theorem 1.1 in [13]. Therefore, Theorem 1.1 generalizes eigenvalue
estimates from the operator L to the weighted Hodge Laplacian ∆p,x.
Remark 1.2. If |x| = c, (c > 0), the manifold Mm is a submanifold of
sphere Sn−1(1
c
) in Euclidean space Rn. Furthermore, the weighted Hodge
Laplacian ∆p,x is reduced to the ordinary one.
For a compact self-shrinker (see (2.4)) in Euclidean space, we have
Corollary 1.1. Let x : (Mm, g) −→ (Rn, can) be a compact self-shrinker,
H,h be the second fundamental form and the mean curvature of the immer-
sion x, respectively. We have, p ∈ {1, . . . ,m},
k∑
i=1
(λ
(p)
k+1 − λ(p)i )2
≤ 4
m
k∑
i=1
(
λ
(p)
k+1 − λ
(p)
i
) [
λ
(p)
i +
m
2
+ 1
+
∫
Mm
(
p|H||h| − Φ(H,h) − 1
4
|x|2
)
|ϕi|2e−
|x|2
2 dvol
]
≤ 4
m
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
) [
λ
(p)
i +
m
2
+ 1
+max
Mm
(
p|H||h| − Φ(H,h) − 1
4
|x|2
)]
,
(1.7)
where Φ(H,h) is a function depending on the second fundamental form h
and the mean curvature H defined in (3.10).
From Theorem 1.1, we can obtain the spectral gaps of the consecutive
eigenvalues of the weighted Hodge Laplacian ∆p,x.
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Corollary 1.2. Under the same assumption in Corollary 1.1, we have
λ
(p)
k+1 − λ(p)k ≤2
( 2
m
1
k
k∑
i=1
λ
(p)
i +
2
m
+
2
m
max
Mm
(
p|H||h| − Φ(H,h)− 1
4
|x|2
))2
−
(
1 +
4
m
)
1
k
k∑
j=1
(
λ
(p)
j −
1
k
k∑
i=1
λ
(p)
i
)2 12
For the lower order eigenvalues of (1.1), in 1956, Payne, Po´lya and Wein-
berger [32] proved that for Ω ⊂ R2,
λ2 + λ3 ≤ 6λ1,
which was extended to domains Ω ⊂ Rm in [35](or see Section 3.2 of [2])
m∑
i=1
(λi+1 − λ1) ≤ 4λ1.
There are also a variety of extensions of results of this type, for examples,
see [2,7–11,34]. Recently, S. Ilias and O. Makhoul [26] obtained the universal
inequality for eigenvalues of the Hodge Laplacian.
In the second part of this paper, by using an algebraic identity deduced
by Levitin and Parnovski [30], we can obtain
Theorem 1.2. Let x : (Mm, g) −→ (Rn, can) be a compact self-shrinker
and ∆p,x be the weighted Hodge Laplacian defined acting on p-forms over
Mm. Assume that
{
λ
(p)
i
}∞
i=1
are the eigenvalues of ∆p,x and {ϕi}∞i=1 is a
corresponding orthonormal basis of p-eigenforms. We have, for any p ∈
{0, 1, . . . ,m},
m∑
l=1
(
λ
(p)
i+l − λ(p)i
)
≤4λ(p)i + 2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
+ 4
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol.
(1.8)
Remark 1.3. When p = 0, i.e., λi = λ
(0)
i is the eigenvalues of the operator
L = ∆0,x = ∆+ 〈x, ·〉 acting on scalar functions, we have
m∑
l=1
(λi+l − λi) ≤4λi + 2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
≤4λi + 2m−min
Mm
|x|2.
(1.9)
Since i is arbitrary, (1.9) is more general than Proposition 4.1 in [13].
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Corollary 1.3. Let x : (Mm, g) −→ (Rn, can) be a self-shrinker, H,h be
the second fundamental form and the mean curvature of the immersion x,
respectively. Assume that
{
λ
(p)
i
}∞
i=1
are the eigenvalues of ∆p,x and {ϕi}∞i=1
is a corresponding orthonormal basis of p-eigenforms. We obtain, for p ∈
{1, . . . ,m},
m∑
l=1
(
λ
(p)
i+l − λ(p)i
)
≤4λ(p)i + 2m+ 4
+ 4
∫
Mm
(
p|H||h| − Φ(H,h)− 1
4
|x|2
)
|ϕi|2e−
|x|2
2 dvol
≤4λ(p)i + 2m+ 4 +max
Mm
(
p|H||h| − Φ(H,h)− 1
4
|x|2
)
.
(1.10)
Furthermore, from the recursion formula of Cheng and Yang [12], we can
obtain an upper bound for eigenvalue λ
(p)
k :
Corollary 1.4. Let Mm be an m-dimensional compact self-shrinker in Rn.
Then, eigenvalues of the weighted Hodge Laplacian ∆p,x 2.9 satisfy, for any
k ≥ 1,
µk+1 ≤ C0(m)k
2
mµ1
where C0(m) ≤ 1+ 4m is a constant and µi = λ
(p)
i +
m
2 +1+maxMm
(
p|H||h|−
Φ(H,h)− 14 |x|2
)
.
This paper is organized as follows: In Section 2, we present some formulas
for submanifolds in Euclidean space, the definitions of the weighted Hodge
Laplacian. In Section 3, in order to prove main theorems, we derive several
lemmas for differential forms. In Section 4 and Section 5, we give the proofs
of Theorem 1.1 and 1.2.
Acknowledgments. The authors wish to express their gratitude to Pro-
fessors Huaidong Cao and Xiaofeng Sun for their suggestions and useful
discussions. This work of the first named author was done while the author
visited Department of Mathematics, Lehigh University, USA. He also would
like to thank the institute for its hospitality.
2. Preliminaries
2.1. Submanifold in Euclidean space and self-shrinker. Let x :Mm →
R
n be an m-dimensional submanifold of n-dimensional Euclidean space Rn.
Let {e1, · · · , em} be a local orthonormal basis of TMm with respect to the
induced metric, and {ω1, · · · , ωm} be their dual 1-forms. Let {em+1, · · · , en}
be the local orthonormal unit normal vector fields. In this paper we make
the following conventions on the range of indices:
1 ≤ i, j, k ≤ m; m+ 1 ≤ α, β, γ ≤ n.
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Then we have the following structure equations (see [8, 13])
dx = ωiei, ω
α = 0,
dei = ω
j
i ej + ω
α
i eα, ω
α
i = h
α
ijω
j,
deα = ω
j
αej + ω
β
αeβ ,
(2.1)
where hαij denote the the components of the second fundamental form ofM
m.
We denote by |h|2 = ∑
α,i,j
(hαij)
2, the norm square of the second fundamental
form, H =
∑
α
Hαeα =
∑
α
(
∑
i
hαii)eα the mean curvature vector field over
Mm.
One can deduce that, pointwise on Mm,
n∑
A=1
|∇xA|2 = m, (2.2)
and
1
2
|x|2,ij =
1
2
(
n∑
A=1
(xA)2),ij = 〈hαijeα, x〉+ δij . (2.3)
The submanifold Mm is called a self-shrinker [16] if it satisfies the quasi-
linear elliptic system:
H = −x⊥, (2.4)
where H denotes the mean curvature vector field of the immersion and ⊥ is
the projection onto the normal bundle of Mm.
2.2. Differential forms and the weighted Hodge Laplacian. Let (Mm, g)
be an m-dimensional compact Riemannian manifold. For any two p-forms
ϕ and ψ, we let ϕi1···ip = ϕ(ei1 , · · · , eip) and ψi1···ip = ψ(ei1 , · · · , eip) de-
note the components of ϕ and ψ, with respect to a local orthonormal frame
{ei}mi=1. Their pointwise inner product with respect to Riemannian metric
g is given by
〈ϕ,ψ〉 =
∑
1≤i1<···<ip≤m
ϕi1···ip ψi1···ip
=
1
p!
∑
1≤i1,...,ip≤m
ϕi1···ip ψi1···ip .
We denote by ∆p the Hodge Laplacian acting on p-forms
∆p = (d δ + δd), (2.5)
where d is the exterior derivative acting on p-forms and δ is the adjoint of d
with respect to Riemannian measure dvol.
In [6, 33], the operator (2.5) is generalized to the weighted Hodge Lapla-
cian acting on differential forms. Let f ∈ C∞(Mm,R) be a smooth function
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defined on Mm. When the Riemannian measure is changed from being dvol
to e−fdvol, it is natural to define the weighted Hodge Laplacian by
∆p,f = dδ
′ + δ′d (2.6)
where δ′ = ef δe−f , which is the adjoint operator of the exterior derivative
d with respect to Riemannian measure e−fdvol.
For the weighted Hodge Laplacian, we have the following Bochner-Weitzenbo¨ck
type formula [33]
∆p,f =∆p + L∇f
=∇∗∇− ωi ∧ ı(ej)R(ei, ej) + L∇f
=∇∗f∇− ωi ∧ ı(ej)R(ei, ej)−∇(∇f)
=∇∗f∇+Ric−∇(∇f)
(2.7)
where L is the Lie derivative, ı(X) for X ∈ Γ(TMm) is inner product acting
on forms, ∇X acting on from ϕ is given by
∇Xϕ = Xj ,lωl ∧ ı(ej)ϕ
and
Ric = −ωi ∧ ı(ej)R(ei, ej). (2.8)
With respect to the measure e−fdvol, the spectrum of ∆p,f consists of a
nondecreasing, unbounded sequence of eigenvalues with finite multiplicities
Spec(∆p,f) = {0 ≤ λ(p)1 ≤ λ(p)2 ≤ λ(p)3 ≤ · · · ≤ λ(p)k ≤ · · · }.
Let x = (x1, · · · , xn) :Mm → Rn be anm-dimensional submanifold of Rn.
In this article, we will consider the operator (2.6) over Mm, for f = e
1
2
|x|2 ,
∆p,x = dδ
′ + δ′d. (2.9)
For ∆p,x acting on the scalar functions, the operator (2.9) [16]
1 is given by
L = ∆+ 〈x, ·〉 = −e |x|
2
2 div
(
e
−|x|2
2 d
)
= δ′d = ∆0,x. (2.10)
where ∆ is the positive operator. If Mm is a self-shrinker, we have
LxA = xA, A = 1, · · · , n. (2.11)
3. Some lemmas
In order to prove our main theorems, we will derive some lemmas in this
section.
By the direct calculations, we have
1The Laplacian operator is different in [16] with a minus sign.
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Lemma 3.1. For f, u ∈ C∞(M,R) and ϕ ∈ ∧p(T ∗Mm), we have
L∇f (uϕ) = g(∇f,∇u)ϕ+ uL∇fϕ. (3.1)
[∆p,f , u]ϕ = [∆p, u]ϕ + [L∇f , u]ϕ (3.2)
δf (uϕ) = −ı(∇u)ϕ + uδfϕ (3.3)
where [∆p,f , u]ϕ = ∆p,f(uϕ) − u∆p,fϕ.
Lemma 3.2. Assuming that Tij is a symmetric 2-tensor, we have, for any
p-form ϕ,
Tijω
i ∧ ı(ej)ϕ = 1
p!
∑
i1,··· ,ip
(Tϕ)i1···ipω
i1 ∧ · · · ∧ ωip
=
1
(p− 1)!
∑
i1,··· ,ip
∑
j
Tji1ϕji2···ip
ωi1 ∧ · · · ∧ ωip , (3.4)
and 〈
m∑
i,j=1
Tijω
i ∧ ı(ej)ϕ,ϕ
〉
=
1
(p− 1)!
∑
j,i1,··· ,ip
Tji1ϕji2···ipϕi1···ip (3.5)
where (Tϕ)i1···ip =
m∑
j=1
p∑
k=1
Tjikϕi1···j···ip.
Proof. Assuming that ϕ = 1
p!
∑
i1,··· ,ip
ϕi1···ipω
i1 ∧ · · · ∧ ωip , then we get
Tijω
i ∧ ı(ej)ϕ
=
1
p!
∑
i,j=1
Tijω
i ∧ ı(ej)
 ∑
i1,··· ,ip
ϕi1···ipω
i1 ∧ · · · ∧ ωip

=
1
p!
∑
i,j,i1,··· ,ip
p∑
k=1
(−1)k−1Tijδikj ϕi1···ipωi ∧ ωi1 ∧ · · · ∧ ω̂ik ∧ · · · ∧ ωip
=
1
p!
∑
i,i1,··· ,iˆk,···ip
p∑
k=1
(−1)k−1Tijϕi1···j···ipωi ∧ ωi1 ∧ · · · ∧ ω̂ik ∧ · · · ∧ ωip
=
1
p!
∑
i1,··· ,ip
(Tϕ)i1···ipω
i1 ∧ · · · ∧ ωip
=
1
(p − 1)!
∑
i1,··· ,ip
Tji1ϕji2···ipω
i1 ∧ · · · ∧ ωip .
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Therefore, we obtain
〈
m∑
i,j=1
Tijω
i ∧ ı(ej)ϕ,ϕ〉 = 1
p!
∑
i1,··· ,ip
(Tϕ)i1···ipϕi1···ip
=
1
(p − 1)!
∑
j,i1,··· ,ip
Tji1ϕji2···ipϕi1···ip .

Lemma 3.3. Under the same assumptions in Lemma 3.2, then we have
|
∑
i,j,i2,··· ,ip
Tijϕii2···ipϕji2···ip | ≤ p!|T |ϕ|2 (3.6)
and 〈
m∑
i,j=1
Tijω
i ∧ ı(ej)ϕ,ϕ
〉
≤ p|T |ϕ|2 (3.7)
where |T | = (∑
i,j
T 2ij
) 1
2 .
Proof.∣∣∣∣∣∣
∑
i,j,i2,··· ,ip
Tijϕii2···ipϕji2···ip
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
i2,··· ,ip
∑
j
(
∑
i
Tijϕii2···ip)(ϕji2···ip)
∣∣∣∣∣∣
≤
∑
i2,··· ,ip
∑
j
(
∑
i
Tijϕii2···ip)
2
∑
k
ϕ2ki2···ip
 12
≤
∑
i2,··· ,ip
∑
j
∑
i
T 2ij
∑
l
ϕ2li2···ip
∑
k
ϕ2ki2···ip
 12
=
∑
i,j
T 2ij
 12 ∑
k,i2,··· ,ip
ϕ2ki2···ip
=|T |
∑
i,i2,··· ,ip
ϕ2ii2···ip
=p!|T |ϕ|2.

Lemma 3.4. Assume that x : Mm −→ Rn is a compact self-shrinker, H,h
are the second fundamental form and the mean curvature of the immersion
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x, respectively. We have, for any p-form ϕ, p ∈ {1, . . . ,m}∫
Mm
〈∇(∇|x|
2
2
))ϕ,ϕ〉e− |x|
2
2 dvol
≤
∫
Mm
|ϕ|2 e− |x|
2
2 dvol+ p
∫
Mm
|H||h||ϕ|2e− |x|
2
2 dvol
≤
∫
Mm
|ϕ|2 e− |x|
2
2 dvol+ pmax
Mm
|H||h|.
(3.8)
Proof. From (2.3), and taking Tij = 〈hαijeα, x〉 in (3.7), we obtain∫
Mm
〈∇(∇|x|
2
2
))ϕ,ϕ〉e− |x|
2
2 dvol
=
∫
Mm
〈〈hαijeα, x〉ωi ∧ ı(ej)ϕ,ϕ〉e−
|x|2
2 dvol +
∫
Mm
|ϕ|2 e− |x|
2
2 dvol
≤
∫
Mm
|ϕ|2 e− |x|
2
2 dvol + p
∫
Mm
(∑
i,j
〈hαijeα, x〉2
) 1
2 |ϕ|2e− |x|
2
2 dvol
=
∫
Mm
|ϕ|2 e− |x|
2
2 dvol + p
∫
Mm
(∑
i,j
(
Hαhαij
)2) 12 |ϕ|2e− |x|22 dvol
≤
∫
Mm
|ϕ|2 e− |x|
2
2 dvol + p
∫
Mm
|H||h||ϕ|2e− |x|
2
2 dvol
≤
∫
Mm
|ϕ|2 e− |x|
2
2 dvol + pmax
Mm
|H||h|.

Combining Proposition 4.1 in [18] and Theorem 1.1 in [29], we obtain the
estimate of Ric (2.8) acting on p-forms. (c.f. Theorem 3.2 of [25])
Lemma 3.5.
〈Ric(ϕ), ϕ〉 ≥ Φ(h,H)|ϕ|2, ϕ ∈ ∧p(T ∗Mm), (3.9)
where
Φ(h,H) =
{
− p2
[(m− 5
4
)
|H|2 + |h|2 − 1
4m2
(√
m− 1(m− 2)|H|
− 2
√
m|h|2 − |H|2
)2]
− 1
2
√
p(p− 1)
(
|H|2 + |h|2
)}
.
(3.10)
4. Inequalities for eigenvalues
In order to obtain the extrinsic bounds of higher order eigenvalues of the
weighted Hodge Laplacian, we firstly introduce the abstract formula derived
by Ashbaugh and Hermi [5].
Let H be a complex Hilbert space with inner product (, ), A : D ⊂ H −→ H
a self-adjoint operator defined on a dense domain D that is bounded below
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and has a discrete spectrum
λ1 ≤ λ2 ≤ λ3 ≤ · · · .
Let {Bk : A(D) −→ H}Nk=1 be a collection of symmetric operators leaving D
invariant and {ϕi, λi}∞i=1 be the spectral resolution of A. Moreover, {ϕi}∞i=1
consisting of the orthnormal basis w.r.t. inner product (, ) for H is assumed.
Define the commutator [A,B] and the norm ‖ϕ‖ by, respectively
[A,B] = AB − BA, ‖ϕ‖2 = (ϕ,ϕ).
Based on commutator algebra and the Rayleigh-Ritz principle, M.S. Ash-
baugh and L. Hermi [5] obtained
Theorem 4.1. The eigenvalues λi of the operator A satisfy the Yang-type
inequality
k∑
i=1
(λk+1 − λi)2ρi ≤
k∑
i=1
(λk+1 − λi)Λi (4.1)
where ρi,Λ are defined by, respectively,
ρi =
N∑
k=1
〈[A,Bk]ϕi,Bkϕi〉
Λi =
N∑
k=1
‖[A,Bk]ϕi‖2.
Applying Theorem 4.1 to the weighted Hodge Laplacian ∆p,f , we have
Lemma 4.1. Let (Mm, g) be an m-dimensional Riemannian manifold with
Riemannian measure e−fdvol and u be a smooth function defined on Mm.
For the eigenvalues
{
λ
(p)
i }∞i=1 of the weighted Hodge Laplacian ∆p,f (2.6)
acting on p-forms, we have, p ∈ {0, 1, . . . ,m},
k∑
i=1
(λ
(p)
k+1 − λ(p)i )2
∫
Mm
|∇u|2 |ϕi|2 e−fdvol
≤
k∑
i=1
(
λ
(p)
k+1 − λ
(p)
i
)∫
Mm
(
(∆0,fu)
2|ϕi|2 + 4|∇∇uϕi|2
− 4〈∆0,fuϕi,∇∇uϕi〉
)
e−fdvol
(4.2)
where {ϕi}∞i=1 is a corresponding orthonormal basis of p-eigenforms, i.e.∫
Mm
〈ϕi, ϕj〉e−fdvol = δij .
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Proof. It is easy to check that A = ∆p,f and B = u ∈ C∞(Mm,R) satisfy
the conditions in Theorem 4.1. Therefore, by the estimate of (4.1), we have
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
)2 ∫
M
〈[∆p,f , u]ϕi, uϕi〉e−fdvol
≤
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
)
‖[∆p,f , u]ϕi‖2,
(4.3)
where
‖[∆p,f , u]ϕi‖2 =
∫
Mm
〈[∆p,f , u]ϕi, [∆p,f , u]ϕi〉e−fdvol.
By direct calculations, we have
[∆p,f , u]ϕi = [∆p + L∇f , u]ϕi
= [∆p, u]ϕi + [L∇f , u]ϕi. (4.4)
From (3.1), we obtain
[L∇f , u]ϕi = g(∇f,∇u)ϕi. (4.5)
By (2.7), we have
[∆p, u]ϕi = [∇∗∇, u]ϕi
= ∆uϕi − 2∇∇uϕi. (4.6)
Therefore, from (4.4) to (4.6) we get
[∆p,f , u]ϕi = ∆0,fuϕi − 2∇∇uϕi (4.7)
From (4.7), we have∫
Mm
〈[∆p,f , u]ϕi, uϕi〉e−fdvol
=
∫
Mm
〈∆0,fuϕi − 2∇∇uϕi, uϕi〉 e−fdvol.
By integration by parts, we have
2
∫
Mm
〈∇∇uϕi, uϕi〉e−fdvol = 1
2
∫
Mm
〈∇|ϕi|2,∇u2〉e−fdvol
=
∫
Mm
(u∆0,fu− |∇u|2)|ϕi|2e−fdvol.
Finally, we obtain∫
Mm
〈[∆p,f , u]ϕi, uϕi〉e−fdvol =
∫
Mm
|∇u|2|ϕi|2e−fdvol. (4.8)
On the other hand, using (4.7), we get
‖[∆p,f , u]ϕi‖2 =
∫
Mm
(
(∆0,fu)
2|ϕi|2 + 4|∇∇uϕi|2
− 4〈∆0,fuϕi,∇∇uϕi〉
)
e−fdvol.
(4.9)
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Inserting (4.8) and (4.9) into (4.3), we obtain (4.2). 
Proof of Theorem 1.1. Letting f = 12 |x|2 and therefore ∆p,x = ∆p,f , substi-
tuting u = xA, A = 1, · · · , n, the pth component of the isometric immersion
x = (x1, · · · , xn) : Mm −→ Rn in (4.2), and taking summation on p from 1
to n, we have
n∑
A=1
k∑
i=1
(λ
(p)
k+1 − λ
(p)
i )
2
∫
Mm
∣∣∇xA∣∣2 |ϕi|2 e− |x|22 dvol
≤
k∑
i=1
(
λ
(p)
k+1 − λ
(p)
i
) ∫
Mm
n∑
A=1
(
(LxA)2|ϕi|2 + 4|∇∇xAϕi|2
− 4〈LxAϕi,∇∇xAϕi〉
)
e−
|x|2
2 dvol,
(4.10)
where L is the weighted Hodge Laplaican acting on functions given by (2.10).
From (2.2), we obtain∫
Mm
n∑
p=1
|∇xA|2|ϕi|2e−
|x|2
2 dvol = m
∫
Mm
|ϕi|2e−
|x|2
2 dvol
= m.
(4.11)
From (2.11) and (4.9), we get
n∑
A=1
‖[∆p,x, xA]ϕi‖2
=
n∑
A=1
∫
Mm
(
(LxA)2|ϕi|2 + 4|∇∇xAϕi|2 − 4〈LxAϕi,∇∇xAϕi〉
)
e−
|x|2
2 dvol
=
n∑
A=1
∫
Mm
(
(xA)2|ϕi|2 + 4|∇∇xAϕi|2 − 4〈xAϕi,∇∇xAϕi〉
)
e−
|x|2
2 dvol
(4.12)
Since Mm is a compact self-shrinker, by integration by parts and (2.3), we
have
4
n∑
A=1
∫
Mm
〈xAϕi,∇∇xAϕi〉e−
|x|2
2 dvol = −
∫
Mm
2(m− |x|2)|ϕi|2e−
|x|2
2 dvol
Since
n∑
A=1
|∇∇xAϕi|2 = |∇ϕ|2, we have
n∑
A=1
‖[∆p,x, xA]ϕi‖2 =2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
+ 4
∫
Mm
|∇ϕi|2e−
|x|2
2 dvol.
(4.13)
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By integration by parts, from (2.7), (3.8) and (3.9) , we have
∫
Mm
|∇ϕi|2e−
|x|2
2 dvol =
∫
Mm
〈∇′∗∇ϕi, ϕi〉e−
|x|2
2 dvol
=
∫
Mm
〈(∆p,x −Ric+∇(∇|x|
2
2
))ϕi, ϕi〉e−
|x|2
2 dvol
=λ
(p)
i −
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
+
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol,
(4.14)
where ∇′∗ is the adjoint operator of ∇ with respect to the Riemannian
measure e−
|x|2
2 dvol. Therefore, we obtain
n∑
A=1
‖[∆p,x, xA]ϕi‖2 =4λ(p)i + 2m
+ 4
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol
− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol.
(4.15)
From (4.3) and (4.15), we get
m
k∑
i=1
(λ
(p)
k+1 − λ
(p)
i )
2 ≤
k∑
i=1
(
λ
(p)
k+1 − λ
(p)
i
)(
4λ
(p)
i + 2m
+ 4
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol
− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
)
,
which completes the proof of Theorem 1.1. 
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Proof of Corollary 1.1. From (4.10), (3.8) and (3.9), we have
m
k∑
i=1
(λ
(p)
k+1 − λ(p)i )2
≤
k∑
i=1
(
λ
(p)
k+1 − λ
(p)
i
)(
4λ
(p)
i + 2m+ 4
+ 4p
∫
Mm
|H||h|ϕi|2e−
|x|2
2 dvol
−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
)
≤4
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
) [
λ
(p)
i +
m
2
+ 1
+
∫
Mm
(
p|H||h| − Φ(H,h)− 1
4
|x|2
)
|ϕi|2e−
|x|2
2 dvol
]
≤4
k∑
i=1
(
λ
(p)
k+1 − λ(p)i
) [
λ
(p)
i +
m
2
+ 1
+max
Mm
(
p|H||h| − Φ(H,h)− 1
4
|x|2
)]
.

5. Generalization of the Levitin-Parnovski inequality
In this section, we will give the proof of Theorem 1.2 by similar argument
in [26]. Firstly, we recall the following algebraic identity obtained by Levitin
and Parnovski (see identity 2.2 of Theorem 2.2 in [30]).
Lemma 5.1. Let L and G be two self-adjoint operators with domains DL
and DG contained in a same Hilbert space and such that G(DL) ⊆ DL ⊆ DG .
Let λj and uj be the eigenvalues and orthonormal eigenvectors of L. Then,
for each j,
∞∑
k=1
|〈[L,G]uj , uk〉|2L2
λk − λj = −
1
2
〈[[L,G],G]uj , uj〉
L2
(5.1)
(The summation is over all k and is correctly defined even when λk = λj
because in this case 〈[L,G]uj , uk〉 = 0).
Proof of Theorem 1.2. By applying Lemma 5.1 with L = ∆p,x and G = xA,
where xA is one of the components of the isometric immersion x, we have
∞∑
k=1
|〈[∆p,x, xA]uj, uk〉|2L2
λk − λj
= −1
2
〈[[∆p,x, xA], xA]uj , uj〉
L2
. (5.2)
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From (4.7), we have
[[∆p,x, x
A], xA]ϕi =[∆p,x, x
A](xAϕi)− xA([∆p,x, xA]ϕi)
=L(xA)xAϕi − 2∇∇xA(xAϕi)− xA(LxAϕi − 2∇∇xAϕi)
=− 2∇∇xA(xAϕi) + 2xA∇∇xAϕi
=− 2|∇xA|2ϕi,
hence
−1
2
∫
Mm
〈[[∆p,x, xA], xA]ϕi, ϕi〉e−
|x|2
2 dvol =
∫
Mm
|∇xA|2|ϕj |2e−
|x|2
2 dvol.
From (5.2), we have∫
Mm
|∇xA|2|ϕi|2e−
|x|2
2 dvol
=
∞∑
k=1
1
λ
(p)
k − λ
(p)
i
(∫
Mm
〈[∆p,x, xA]ϕi, ϕk〉e−
|x|2
2 dvol
)2
.
(5.3)
For a fixed i, from the Gram-Schmidt orthogonalization, we can find the
coordinate system {xA}nA=1 in Euclidean space Rn such that the matrix(∫
Mm
〈[∆p,x, xA]ϕi, ϕi+k〉e−
|x|2
2 dvol
)
1≤k, A≤n
is a real upper triangular matrix. That is,∫
Mm
〈[∆p,x, xA]ϕi, ϕi+k〉e−
|x|2
2 dvol = 0, 1 ≤ k < A ≤ n. (5.4)
By (5.4), we can estimate the right hand side of (5.3) in the following
∞∑
k=1
1
λ
(p)
k − λ(p)i
(∫
Mm
〈[∆p,x, xA]ϕi, ϕk〉e−
|x|2
2 dvol
)2
=
i−1∑
k=1
1
λ
(p)
k − λ(p)i
(∫
Mm
〈[∆p,x, xA]ϕi, ϕk〉e−
|x|2
2 dvol
)2
+
∞∑
k=i+A
1
λ
(p)
k − λ(p)i
(∫
Mm
〈[∆p,x, xA]ϕi, ϕk〉e−
|x|2
2 dvol
)2
≤
∞∑
k=i+A
1
λ
(p)
k − λ(p)i
(∫
Mm
〈[∆p,x, xA]ϕi, ϕk〉e−
|x|2
2 dvol
)2
≤ 1
λ
(p)
i+A − λ(p)i
∞∑
k=1
(∫
Mm
〈[∆p,x, xA]ϕi, ϕk〉e−
|x|2
2 dvol
)2
=
1
λ
(p)
i+A − λ(p)i
∫
Mm
|[∆p,x, xA]ϕi|2e−
|x|2
2 dvol
where Parceval’s identity is used in the last equality.
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Taking summation on A from 1 to n, from (5.3), (4.13), (4.14) and (2.7),
we have
n∑
A=1
(λ
(p)
i+A − λ(p)i )
∫
Mm
|∇xA|2|ϕi|2e−
|x|2
2 dvol
≤
n∑
A=1
∫
Mm
|[∆p,x, xA]ϕi|2e−
|x|2
2 dvol
=2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol + 4
∫
Mm
|∇ϕi|2e−
|x|2
2 dvol
=4λ
(p)
i + 2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
+ 4
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol.
(5.5)
Since Mn is isometrically immersed in Rn, it is easy to check
n∑
A=1
λ
(p)
i+A|∇xA|2 ≥
m∑
l=1
λ
(p)
i+l. (5.6)
Therefore, we have
m∑
l=1
(λ
(p)
i+l − λ(p)i ) ≤4λ(p)i + 2m−
∫
Mm
|x|2|ϕi|2e−
|x|2
2 dvol
− 4
∫
Mm
〈Ricϕi, ϕi〉e−
|x|2
2 dvol
+ 4
∫
Mm
〈∇(∇|x|
2
2
)ϕi, ϕi〉e−
|x|2
2 dvol.

Proof of Corollary 1.3. The proof of Corollary 1.3 follows directly from (3.8)
and (3.9). 
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